Fig. 1. The experiment and prediction processes both take as input the shared parameter. The output of the experimental process is corrupted by noise to yield the observed data. The output of the prediction process yields the prediction quantity of interest.
provide additional discussion of the method and its performance. Finally, we present conclusions in section 5.
Nonlinear Bayesian goal-oriented inference.
In this section we establish notation, define the problem statement, and present the details of our approach for goal-oriented inference in the context of Bayesian statistical inference problems constrained by nonlinear PDEs with distributed parameters.
Problem statement.
We now present the formal problem statement for nonlinear goal-oriented inference in the statistical setting. We begin by writing the statement for the parameter inference problem and then propagating the posterior through to the prediction. The resulting posterior predictive distribution is the target of our goal-oriented inference.
Let f e (μ) : R q → R r be a general nonlinear function representing the experimental process mapping a q-dimensional parameter to expected observational data of dimension r q. The function will usually embed a PDE operator and an observation operator. In the carbon capture and storage example presented in the next chapter, f e corresponds to the solution of the single-phase flow equations and observation of bottom hole pressure in some wells. We make observations y d = f e (μ) + , where is assumed to be a multivariate normal noise such that ∼ N (0, σ 2 n I) with noise variance σ 2 n . Let p(μ) be the prior probability density function of the parameter. In Bayesian statistical approaches to parameter inference, the prior encompasses knowledge of the parameter before data are observed. There are several approaches for choosing the prior density and it has been the focus of significant controversy in the community [1, 3, 9] . Our goal in this work is not to improve the existing parameter inference approach but rather to reformulate it for the goal-oriented inference context. Therefore, we will simply take p(μ) as given, assuming that a routine to generate samples from the prior is available. For our numerical experiments, we will assume that μ is a lognormal random process with exponential covariance kernel.
With the additive Gaussian noise model assumed above, our likelihood function L(μ; y d ) comes directly from the relation = y d − f e (μ) ∼ N (0, σ 2 n I). That is, the likelihood represents the ratio (as a function of μ) of the posterior to the prior. In the Downloaded 08/13/14 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Bayesian update, parameters that are more likely to have generated observed data undergo a more significant change from prior to posterior. Although Gaussian noise models are a typical choice in the PDE-constrained statistical inference literature, our method is amenable to other likelihood models as well.
The posterior probability density function π(μ|y d ) can be readily expressed by Bayes's rule, i.e., (2.1)
The posterior (2.1) is the solution to the Bayesian statistical inference problem. It represents the new probabilistic description of the parameter after the belief is updated based on observed data, accounting for both prior and likelihood models. We now introduce the prediction process f p (μ) : R q → R s , a measurable function from the q-dimensional parameter to an s-dimensional prediction output quantity of interest. The function is often a composition of an output functional and a PDE operator. For the carbon capture and storage example, f p represents the calculation of trapped carbon dioxide volume under a given injection scenario governed by a vertical equilibrium approximation of the two-phase flow equations.
1
The ultimate goal of our inference is to obtain the posterior predictive probability density function p Yp|Y d (y p |y d ) which represents the push forward of the posterior measure π(μ|y d ) through the function f p . It is the representation of our estimate of the prediction given the choice of prior and accounting for the observed data. In the Bayesian paradigm, our estimate of the prediction is itself a random variable and therefore is characterized by a distribution representing the uncertainty in the estimate. If one could solve the parameter inference problem by sampling from the posterior, one could obtain corresponding samples of the posterior predictive by passing each sample through the prediction process. The resulting samples can then be used to calculate moments of the posterior predictive, or since the prediction dimension is very low, one can even fit a density (using kernel density estimation, e.g.) to the provided samples to visualize the complete probability density function. A block diagram of the entire process is shown in Figure 2 .
The goal-oriented inference method will obtain the resulting posterior predictive probability density function without involving the posterior itself. Furthermore, the density will be obtained online in real time; that is, when the data are observed, the posterior predictive can be obtained immediately without further sampling or expensive PDE solves. In contrast, in the best-case scenario using MCMC, the data are observed and then samples are generated from the posterior, where each proposal sample requires a full PDE solve (experimental process) and each accepted sample B431 requires another PDE solve (prediction process). This leads to a long delay between data observation and obtaining the posterior predictive. In most cases with highdimensional parameter space, MCMC will be completely intractable, severing the path to prediction estimates altogether.
2.2.
Joint density estimation by Gaussian mixture model. The key to goal-oriented inference for nonlinear problems in the statistical setting is to exploit the low-dimensionality of experimental data and predictions. We propose to essentially integrate out the parameter itself, instead focusing entirely on the conditional relationship between predictions and experimental data.
Consider the concatenation
2 be the joint density of data and predictions given by the push forward of the prior through f (μ). Our goal is to use samples to learn the joint density p Y d ,Yp (y d , y p ) in the offline phase. Once the joint density is learned, we move to the online phase where we conduct the experiment. Letỹ d represent the data that are observed after the experiment is conducted, as opposed to y d , which represents the random variable associated to data that may be observed. When the real dataỹ d are observed, we can obtain the conditional density p Yp|Y d (y p ;ỹ d ) analytically from the learned joint density. That conditional density is precisely the posterior predictive that is the objective of our goal-oriented inference.
Sampling the parameter space.
Similarly to many other statistical inference methods, we assume that the prior is designed so that the parameter can be efficiently sampled. Since our method is designed for, and our applications typically involve, distributed parameters, we describe the sampling procedure of the random field in this section. In particular, we describe the representation of the prior random field as a truncated Karhunen-Loeve expansion [15, 21] . For the carbon capture application undertaken in the next chapter, the permeability field is given by a lognormal random field. Our discussion here focuses on the representation of log μ.
We begin with the definition of a positive definite covariance function C( x 1 , x 2 ) :
where d is the physical dimension of the domain and x 1 and x 2 are two points within the domain. The covariance function describes the correlation between the value of the parameter at x 1 and the value of the parameter at x 2 . In practice, it is usually selected from a set of well-established choices. 3 The parameters of the covariance function are selected based on the expected amplitude and correlation length in the field, typically as given by experts (in our case, geologists). We aim to generate samples from a Gaussian random field g( x; ξ) with zero mean and covariance function given by C( x 1 , x 2 ). The random field is given by g(
) are the eigenpairs of the covariance function and ξ i ∼ N (0, 1) independently and identically distributed (iid).
In practice, the domain is discretized and our parameter is represented as piecewise constant; we will refer to the discrete approximant as g(ξ). As is typical practice, we will calculate discrete eigenfunctions of the covariance function by forming the Gram matrix K ∈ R n el ×n el , where n el is the number of elements in our computational domain. Let x i be the centroid of element i. Then the Gram matrix is given by
Once the Gram matrix is formed, we calculate the eigenvalue decomposition K = VHV , where
. . , η n el ), and v i and η i are respectively the ith eigenvector and eigenvalue with the ordering
Typically it is not necessary to retain all the modes in the expansion. In practice we truncate the expansion after sufficient decay of the eigenvalues based on the ratio
In the application we will truncate at m = arg min ν(m), where ν(m) > 0.98, thereby retaining 98% of the energy in the representation. A sample of the parameter will therefore be generated by sampling m iid standard normal random variables ξ i and calculating the expansion
so that μ is a lognormal random vector with zero mean and covariance K, the discrete approximant of μ( x), the infinite-dimensional lognormal random field with zero mean function and covariance function C( x 1 , x 2 ).
Gaussian mixture models.
For each of the parameter samples drawn from the prior, we simulate corresponding experimental data and prediction output. Let N s be the total number of prior samples. For each sample we evaluate the experimental process and add simulated noise to generate synthetic measurements. Analogously, for each sample, we evaluate the prediction. As a result we obtain a set of ordered pairs (y 5 From these data we propose to learn the joint density as a Gaussian mixture model (GMM). Then when B433 data are observed, we simply condition the GMM on the given data to obtain the posterior predictive density as desired. In this section, we describe the construction of the GMM. Other density estimation techniques and other mixture models can also be used in this context. We select the GMM because of its convenient conditioning properties, allowing us to obtain real-time predictions.
A GMM [25] is a generative representation of a probability density function that generalizes the k-means clustering algorithm [27] to probabilistic clusters. Let X be a random variable distributed according to the density p X (x). Let N (x; μ, Σ) be the probability density function of a normal random variable with mean μ and covariance Σ. A GMM approximates
where n c is the number of components in the mixture model. The coefficients α i are considered prior probabilities over the n c clusters. One can therefore think of the mixture model in a generative manner. To draw a sample from X first select the cluster by sampling from the probability mass function corresponding to α i . Then, given the mean μ i and covariance Σ i of that cluster, draw a sample from the corresponding multivariate normal.
For the moment consider the number of clusters to be fixed. The estimation problem then becomes one of determining the means and covariances of each of the components in the mixture. Typically this is achieved by choosing the parameters that maximize the likelihood of the data. Let
The component weights and component parameters are obtained by the wellknown expectation-maximization algorithm [5] . We give a brief description of the algorithm here. Let θ i = {μ i , Σ i } be the unknown parameters of component i in the mixture model. Begin with an initial setting of the unknown parameters θ i and weights α i . Then calculate the membership weights (2.8)
corresponding to the data point at x j and component i. This corresponds to the E step. For the M step, we calculate the new component weights and component parameters
w ji ∀i, (2.9)
w ji x j ∀i, (2.10)
Downloaded 08/13/14 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php in that order. The E and M steps are iterated until the likelihood is no longer changing from iteration to iteration, within a given tolerance. In order to select the number of components in our mixture model, we use an approach based on Bayesian information criterion [8] since it accounts explicitly for the limited number of available data in our applications.
Our choice to use a GMM representation for the joint density is motivated by the requirement for rapid conditioning of the density upon data observation and the desire to obtain a parsimonious model in the face of incomplete sampling and imperfect models for experimental process, prediction process, and sensor noise. For theoretical justification of the goal-oriented inference procedure, one could substitute a kernel density estimate (KDE) for the GMM in the representation of the joint density. In that case, as the number of samples tends to infinity, the KDE undergoes strong uniform convergence to the underlying joint density [6] .
Evaluation of the posterior predictive online.
Once the GMM is learned in the offline stage, i.e., before data are observed, we proceed to the online stage of the process. The experiments are performed and data are collected. It remains only to condition the model on the observed data to obtain the posterior predictive density. Using the GMM, this process is straightforward, as we now describe.
be the GMM we built in the offline stage. When we condition on observed dataỹ d , we will obtain yet another GMM, this time over the prediction variables y p only. 
be the decomposition of the component means and covariances into the parts corresponding to the prediction variables (subscript p) and data variables (subscript d).
The parameters of the conditional GMM are then given by
The conditional density can then be visualized, samples can be drawn, or moments can be computed. This method has been validated on simple examples where MCMC is tractable [17] .
3. Application to carbon capture and storage. In this section we apply the nonlinear goal-oriented inference approach described in the previous section to a realistic application in carbon capture and storage. Sequestering carbon emissions in the subsurface is one method for curbing anthropogenic effects. A model for accurately predicting plume migration requires knowledge of the subsurface parameters (e.g., permeability and porosity). The subsurface parameters are field quantities and can be measured only indirectly by making sparse readings of pressures at boreholes for some experimental conditions. Since our focus will be on predicting trapped volume Downloaded 08/13/14 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php B435 (and not resolving plume migration), we utilize the goal-oriented inference approach to establish prediction estimates directly from observed data from the experiment.
Application description and numerical implementation.
Supercritical carbon dioxide is typically injected in saline aquifers in the subsurface. The fluid is buoyant with respect to the resident brine; therefore, it floats and migrates along the caprock of the aquifer. Where the aquifer geometry is suitable, the fluid can be captured in pockets underneath the caprock. Remaining carbon dioxide continues to migrate. Of primary importance in such scenarios is the percentage of carbon dioxide effectively trapped in the injection and migration process over a given period of time. The dynamics of the plume depend heavily on the permeability in the aquifer, the target of parameter inference in the application. Determining the feasibility for injection of a candidate aquifer would typically involve performing experiments in the form of hydraulic interference tests to infer the permeability field. The estimate can then be used as input to an injection simulation to predict trapped volume percentage to evaluate different injection scenarios and ultimately to make decisions.
The computational tasks involving the geometry, numerical solution, and visualization of the experiment and prediction processes for the carbon capture and storage application are performed using SINTEF's MATLAB reservoir simulation toolbox (MRST) [16] . The governing equations for the experiment and prediction processes are discretized using the mimetic finite difference method. For the experiment process we solve the single-phase flow equations in three dimensions. On the other hand, for the two-phase flow governing the migration of the carbon dioxide plume, we use the vertical equilibrium module that ships with MRST. MRST can be found at www.sintef.no/Projectweb/MRST/ and is freely available under the GNU General Public License, is well maintained, and is updated with each new distribution of MATLAB.
Computational domain.
The computational domain is a hexahedral discretization of a synthetic, but realistic, saline aquifer. The domain is pictured in Figure 3 . The aquifer occupies a 1 kilometer by 1 kilometer ground area and varies in thickness from approximately 30 m to 80 m as a function of x and y location. The aquifer's top surface contains both high-and low-frequency variations, and the aquifer itself has a 20 m fault. We have made an effort to include the most challenging aspects of realistic candidate aquifers. The domain has 30,000 cells. We use the full three-dimensional domain for the experiment process where we solve the single-phase flow equations under given injection and production scenario. For the prediction process, however, we will enlist the vertical equilibrium approximation and use only the top grid, which contains 2500 quadrilateral cells. The top surface grid is pictured in Figure 4 .
Permeability field.
The parameter in this goal-oriented inference problem is the permeability field in the aquifer. Let μ(x, y, z) : R 3 → R 3×3 be the permeability tensor field. We will assume that the tensor is anisotropic and has the form where μ(x, y, z) is the parameter field. We model the permeability as a lognormal random field with μ(x, y, z; ξ) = exp g(x, y, z; ξ), where g(x, y, z; ξ) is a Gaussian random field. We specify zero mean function and covariance function
where x = (x, y, z), b is the amplitude, and L is the correlation length scale. In this application we use L = 400 and b = 5, which results in samples of permeability that vary by four to five orders of magnitude. This exponential kernel has algebraically diminishing eigenvalues (compared to the exponentially decreasing eigenvalues of the squared exponential covariance kernel, e.g.), which makes the moral dimension of the parameter space still very large. As mentioned in the previous section, we discretize the random field and represent it as piecewise constant with the permeability varying from cell to cell. To sample approximately from the random field g(x, y, z; ξ) we first construct the Gram matrix K by evaluating the covariance function at all pairs of centroids of the cells. We then perform the eigenvalue decomposition of the resulting matrix and retain modes corresponding to the highest 98% of the total energy as determined by the eigenvalues. The eigenvalue decay is shown in Figure 5 . The first eight eigenvectors are pictured in Figure 6 . Eight random samples of the log permeability are shown in Figure 7 . Downloaded 08/13/14 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 
Experiment process.
We now define the experiment process for the carbon capture and storage application. The experiment process is the steady state single-phase flow in the aquifer under given injection and production rates at five injection wells controlled by bottomhole pressure and three production wells controlled by rate. The outputs are the bottomhole pressures at each of the production wells.
Let Ω be the computational domain with boundary faces δΩ. We assume no flow boundary conditions (i.e., homogeneous Neumann at each boundary face). The pressure is fixed to 300 bar at the bottom of each of the injection wells. The production wells extract fluid at a rate of 3 m 3 /day. The governing equation in the domain outside of the wells (which is solved using a Peaceman well model) is given by conservation of mass and Darcy flow, i.e.,
where u is the global pressure and q corresponds to the sources/sinks at the injection and production wells. For each sample of the permeability field, we solve (3.3) using MRST and extract the bottomhole pressure at the production wells; we have f e = [u( x 1 ; μ), u( x 2 ; μ), u( x 3 ; μ)] , where the production wells extend down to the cell whose centroids are at x 1 , x 2 , and x 3 , respectively. An example solution showing the injection and production wells is pictured in Figure 8 . The locations of the injection and production wells are given in Table 1 .
We simulate noise in the data by sampling from the additive Gaussian noise model with zero mean and standard deviation σ n = 2 bar. Histograms of the marginal likelihood of the data for each experimental output are shown in Figure 9 .
Prediction process.
The prediction process is given by the two-phase flow of supercritical carbon dioxide and the resident brine in the aquifer. We make the common assumption that the flow is incompressible and that the two phases are immiscible. Furthermore, we will neglect capillary pressure in the model. For the development of the governing equations and the vertical equilibrium approximation, Downloaded 08/13/14 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php we follow [20] . For a more in-depth reference on the vertical equilibrium approximation and other modeling approaches, see [24] . Let ϕ be the porosity (assumed constant) in the aquifer, p n and p w be the pressures of the carbon dioxide (nonwetting) and brine (wetting), v n and v w be the corresponding velocities, and S n and S w be the corresponding saturations. Mass conservation is then expressed by the PDEs
where ρ i is the phase density, q i is the phase source volume rate, λ i (S) is the phase mobility as a function of the saturation, and g is the gravitational vector. Define now a global pressure p and total velocity v to obtain
where λ t = λ n + λ w is the total mobility, f = λ n /λ t is the fractional mobility, Δ ρ = ρ n − ρ w is the density difference of the two phases, and q t = q n + q w is the total volume rate of source. Let H be the total height of the aquifer and h be the height of the carbon dioxide plume. Define s = h/H to be the relative height of the carbon dioxide plume as a function of position x = (x, y) and time t. If we vertically average (3.5), we obtain
where the notation a || indicates the component of the vector a parallel to the top surface of the aquifer, and p t ( x) is the global pressure at the top surface. Since we disregard capillary forces, we have p c (s, x) = H( x)g ⊥ Δ ρ s, where g ⊥ is the component of the gravity vector perpendicular to the top surface. Heterogeneities in the medium are preserved in the vertical equilibrium approximation by defining modified mobilities and fractional flow functions where k i and ν i are the relative permeability and viscosity, respectively, of phase i. The evaluation of the relative permeabilities in (3.8) depends on whether the reservoir is locally undergoing drainage or imbibition. Let s res i be the residual saturation of phase i. When the aquifer is undergoing imbibition, i.e., s max > s, where s max is the maximum historical saturation, then the relative permeabilities are evaluated at 1 − s res w for k n and 1 − s res n for k w ; otherwise, they are evaluated at unit saturation. We simulate the injection of supercritical carbon dioxide at one well at a rate of 500 m 3 /day for 50 years followed by the migration that takes place over the following 450 years. The resulting plume is pictured in Figure 10 . The prediction quantity of interest is the total volume of trapped carbon dioxide. This corresponds to the portion of the fluid that has been successfully sequestered under the caprock and is no longer mobile, thereby no longer presenting a risk of leakage through faults or improperly sealed wells in other parts of the subsurface. A histogram of the marginal likelihood of the predictions is shown in Figure 11 . Downloaded 08/13/14 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
Fig. 12. Pairwise marginal data and histograms. The first three rows (columns) correspond to the experimental data, and the last row (column) corresponds to the prediction output. It is clear that all components would benefit from certain logarithmic transformations.
4. Numerical results and discussion. We now undertake the task of learning the joint density of experimental data and prediction. We then perform numerical experiments with synthetic data to demonstrate our approach.
Transforming the data.
We begin by inspecting the data further, a recommended first step before employing any machine learning algorithm. Any additional insight one can gain from perusing the data can help to inform model building or algorithmic choices. The raw data are shown in Figure 12 in the form of pairwise marginals.
From the figure, it is clear that each component of the experimental data and the prediction would benefit from logarithmic transformation. Therefore, we perform the transformations
which are both differentiable and monotonic. The barrier value at 330 bar was determined based upon inspection of the raw data. The resulting histograms are shown in Figure 13 .
Numerical results.
Using the transformed data in Figure 13 , we learn a GMM for the joint density [7, 8] . We select automatically the number of components to balance the maximization of likelihood of data and the Bayesian information criterion [4] . Given the 11,075 samples of the joint density we use, the algorithm settles on a GMM for the joint density that has 15 components. As a verification tool, we use a KDE to compare our results. The KDE is obtained using the kernel density estimation toolbox for MATLAB [13] .
For the numerical experiments, we select a permeability field at random from the prior distribution. We assume this random sample to be truth, i.e., the true Downloaded 08/13/14 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php permeability field in the subsurface. Experimental data are simulated by solving the single-phase pressure equation given the injection and production settings specified in section 3.4. Given the simulated noisy data, we carry out the online process of goaloriented inference: the previously learned joint density is conditioned at the observed data to obtain the posterior predictive density. The raw observed data and predictions based on the truth sample of permeability are given in Table 2 . Figure 14 presents the posterior predictive by both GMM and KDE for some truth samples of the permeability field. For reference, we also show the prior predictive density as obtained by a KDE over all samples of prediction from the offline phase. For each case, we also plot the prediction quantity of interest obtained by simulating the prediction process for the given truth sample. Note that this is a deterministic quantity; however, we expect it to appear within the significant support of the posterior predictive with high probability.
The KDE generally produces results with greater total variation since it is more sensitive to the locality of samples of the joint density near where data are observed. On the other hand, the GMM tends to smooth the result since it involves only Downloaded 08/13/14 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Table 2. 15 Gaussian components, each with greater kernel width than the kernel from KDE, which has as many components as original samples. In all cases, the GMM and KDE are in general agreement, particularly in the manner with which the posterior predictive density differs from the prior predictive density. It is this update in information based on the observed data which is critical to our goal-oriented inference.
The posterior predictive densities represent our updated belief in the relative likelihood of trapped volume of carbon dioxide under the pumping scenario described Downloaded 08/13/14 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php in section 3.5 given our prior specification on the parameter and the observed data from experiments. We have a full probabilistic description of the trapped volume enabled by focusing on the relationship between experimental data and the prediction quantity of interest, all in an application where best practices in statistical inference of the parameter would have been insufficient. In practice these results would feed forward to a decision-making process where it would be determined if sufficient volume of the carbon dioxide would be trapped in the aquifer to proceed with the injection.
Effect of number of offline samples.
In this section we investigate numerically the effect of the number of offline samples of the parameter on the resulting prediction accuracy. We learn separate GMMs using 100 samples, 1000 samples, and all 11,075 samples and compare the posterior predictive results against those obtained by KDE for several realizations of the data. The results are shown in Figure 15 .
The trend is expected. The approximation of the posterior predictive density by GMM appears to improve with more offline samples. Since we assume that the prior is efficient to sample and we build the GMM before experiments are performed, we recommend that as much data are acquired as possible to build the GMM. If data are difficult or expensive to obtain for some reason, it should be noted that the accuracy of the GMM (as well as many other estimation procedures) will be affected significantly.
In order to study the dependency of the accuracy of the approach on proximity of the observed data point to the offline samples, we explore three cases where we artificially prescribe data. In the first case, we set the data to be in a high-density region of the samples for all the mixture models we trained with different numbers of Downloaded 08/13/14 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php offline samples. For the second case, we select the data artificially to be proximal to many samples from the 1000-sample and 11,075-sample GMMs but in a low-density region of the 100-sample GMM. Finally, in the last case, we select the data artificially to be in a low-density region of all the GMMs. The results are shown in Figure 16 .
For the first case (see Figure 16 (a)), there is general agreement of all the GMMs with the KDE posterior predictive density. This is expected behavior since the model should be accurate in high sample density regions. In the second case (see Figure 16 (b)), the GMM based on 100 samples is inaccurate since the observed data occur in a low sample density region. Finally, in the last case (see Figure 16(c) ), all the posterior predictive density approximations fail. The observed data are well outside the offline samples. This reflects that these density estimations are susceptible to large errors when extrapolation is required. For this reason, it is critical that one attempt to detect such situations before trusting the resulting posterior predictive density.
Conclusion.
We have developed a practical method for goal-oriented inference involving a priori parameter sampling and learning the joint density of predictions and experimental data. The method exploits the low-dimensionality of the product space of experimental data and predictions. The accuracy of the method depends on the ability to sample the parameter space and simulate experimental data and predictions; however, this can be completed entirely offline before the real data are Downloaded 08/13/14 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php observed, and the process is embarrassingly parallel, meaning that one could obtain optimal parallel scaling on a distributed computing architecture. Once the joint density is learned, the experiment is performed, and the density is conditioned on the observed data to obtain the posterior predictive density in real time. Since we focus on prediction quantities of interest, we circumvent the issues associated with inferring the parameter itself; instead, we focus on the relationship between experimental data and prediction quantities of interest. The method enables real-time predictions for carbon capture and storage, a problem for which state-of-the-art MCMC approaches are intractable.
